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Abstract— In this paper, a waveletbasedmethodis pro-
posedto estimatethe blur in an imageusinginformation
containedin the imageitself. We look at thesharpnessof
thesharpestedgesin theblurredimage,which containin-
formationaboutthe blurring. Specifically, a smoothness
measure,the Lipschitz exponent, is computedfor these
sharpestedges.A relationbetweenthevarianceof a gaus-
sianpoint spreadfunctionandthemagnitudeof theLips-
chitz exponentis shown, which is only dependenton the
blur in the imageandnot on the imagecontents.This al-
lows us to estimatethe varianceof the blur directly from
theimageitself.

I . INTRODUCTION

Blurring of edgesin an imageoccursin many different
fields. Imageblur is modelledas:

g
�
x � y ��� �

h � f � � x � y ��� n
�
x � y � (1)

with g
�
x � y � theblurredimage, f

�
x � y � theunknown sharp

imageand h
�
x � y � the point spreadfunction (PSF). The

symbol � representsthe convolution operator, and mod-
elstheimageblur. It is in facttheresponseof theimaging
systemto anidealpointsource.Thetermn

�
x � y � represents

additive imagenoise.
This imagedegradationobscurespartof theinformation

presentin the image. The goal of imagerestoration,is
to recover this informationasgoodaspossible,and it is
appliedin astronomy, medicalimaging,microscopy, �	�	� ).
Sometimes,onehasinformationabouttheimageblur, but
not always. In the caseno informationaboutthe blur is
available,onehasto estimatetheblur to restorethe ideal
image f

�
x � y � from degradeddatag

�
x � y � .

In this paper, a methodis proposedto estimatethe PSF

in an imageby looking how sharpthesharpestedgesin a
blurredimagestill are,in orderto find informationabout
the PSF. It estimatesin particular the varianceσbl of a
gaussianPSF from informationcontainedin the imageit-
self:

PSF
�
x � y ��� 1


2πσbl
e �
� x2 � y2 ��� � 2σ2

bl
� � (2)

Our methodcanestimatetheimageblur σbl with anaccu-
racy of about10%. Other techniquesfor blur estimation
usingGaussianPSF’s [1,2] usederivativesof theGaussian
PSF to determinethe varianceof the Gaussianblur. We
presentan alternative method,which doesn’t usederiva-
tives, but a measureof the smoothnessof the imageat
a certainposition. This methodcanalsobe extendedto
gaussianPSF’s that arenot axially symmetricalandeven
to PSF’s that aren’t even gaussian.For out-of-focusblur,
a uniform circularPSF is used[3,4]. Our methodrequires
only minormodificationsto adaptto thiskind of PSF.

I I . OUR METHOD

A. Principle

Our methodfor blur estimationis basedon estimating
thesharpnessof thesharpestedgesin theimage.To anal-
yseedgesin the image,we calculatethe Lipschitz expo-
nentin all pointswherea changein intensityis foundei-
ther in the horizontalor vertical direction. The Lipschitz
exponent(sometimesreferredto asHölderexponent)is a
measureof how smooththeimageis in a certainpoint. In
fact,it is anextensionof how many timestheimageis dif-
ferentiablein a certainpoint. For example,a signalthat is
differentiableonce,hasLipschitzexponent1, a stepfunc-
tion hasLipschitz0 anda dirac impulseLipschitz � 1. In
thewaveletdomain,it is possibleto calculatetheLipschitz
exponentin acertainpoint in theimagefrom theevolution
of themodulusmaximaof thewavelet coefficientscorre-
spondingto that point throughsuccessive scales.Mallat
hasshown in [5–7] how Lipschitzregularity vanbecalcu-
latedfor aone-dimensionalsignal.

Considertheconeof influencefor a point v. Thecone
of influencein v (fig. 1) arethepoints

�
u � s � in scale-place

spacethatarewithin thesupportof thewaveletψv� s atposi-
tion v andscales. Now, if thesignalis uniformly Lipschitz
α in theneighbourhoodof acertainpointv, thenaconstant
A exists suchthatall wavelet coefficientswithin thecone
of influencearoundv in the scale-placespacesatisfy the
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Fig. 1. Coneof influencefor apointu.

Fig. 2. Lenaimageanddetail (mirror) which shows small in-
tensityvariationsthatdisturbtheblur estimation.

condition

max
�=<

W f
�
u � s � < �>� A sα � 1� 2 � (3)

which is equivalentto

max
�
log2

<
W f

�
u � s � < ��� log2 A � log2

�
α � 1? 2�=� (4)

Here,
<
W f

�
u � s � < representsthe modulusof the wavelet

transformof f
�
x � at resolutionscale s. The Lipschitz

regularity in at v is given by the maximum slope of
log2

<
W f

�
v � s � x � < asa function of log2 s alongthe lines of

modulusmaximathatconvergetowardsv within thecone
of influence.

B. Practical considerations

The wavelet decompositionof the imageis calculated,
andby following themodulusmaximaof thewavelet co-
efficients correspondingto a certain point in the image
throughdifferentresolutionscales,theLipschitzexponent
in that point is calculatedby fitting an exponentialcurve
to themodulusmaximaversusthescale,asdescribedear-
lier [5–7]. A problemin this approachis that even mi-
nor intensityvariationsin smoothregionsresult in Lips-
chitz exponentsthatcorrespondwith sharpedges.An ex-
ample is shown in figure 2. In the mirror region at the
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Fig. 3. The graphthat shows the fitted relation betweenthe
estimatedσbl andCG of thehistogramof Lipschitzexponents.
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Fig. 4. Verification: theestimatedσbl in functionof the input
σbl areona perfectline .

right of thefamous’Lena’ image,we canseewhatcauses
this effect. Whenmagnifiedandwith enhancedcontrast,
we seetheintensityvariations,evenin apparentlysmooth
regions. The problemis to distinguishsharptransitions
whith asmallamplitudefrom smoothtransitions.Thisdis-
turbsourestimationof theblurringof theimage.However,
transitionswith smallamplitudearenot likely to belongto
dominantimagefeatures.Becausewework in thewavelet
domain,we restrictour analysisto featuresthat produce
a gradientabove a certainthreshold.This gradientis ex-
tractedfrom the wavelet detail coefficientsin the highest
resolutionscale. The thresholdwas determinedempiri-
cally so that major imagefeatureswerevisible. Empiri-
cally, this thresholdscorrespondswith 30? σbl.

FromtheLipschitzexponentsthusfoundalongthesig-
nificantedgesin the image,a histogramis made.For this
histogram,we divided the rangeof Lipschitz exponents
in intervalswith a width of 0.1. Becausewe restrictedthe
lipschitzexponentsto thosecorrespondingwith transitions
with large amplitude,we alreadyfiltered out the sharpest
transitionswith a largeamplitudein the image.Whenwe
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(a) syntheticimage (b) Lipschitzhistogram.

Fig. 5. Blur estimationonsyntheticimage.
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Fig. 6. Illustrationof theoffseteffect whencomparingthedif-
ferentimages.The top setof curvesis without subtractingthe
offset;thebottomsetis aftersubtraction.

make ahistogramof theseLipschitzexponents,weexpect
a single peakcorrespondingwith the smoothnessof the
sharpestedges.Whenwe have synthetictestimageswith
large constantregionsandstepedges,we only have one
kind of transitions,namelythosestepedges.Whenthese
edgesareblurred,we obtaina histogramwith onepeak,
correspondingwith the sharpnessof the blurred edges.
This is illustratedin fig. 5. In reality, we have a certain
distribution aroundthis peak,from which we want to es-
timatetheblur. Both thepositionof themaximumin the
histogramandthecenterof gravity (CG) of thehistogram
arerelatedto theblur in theimage,but from experiments,
theCG wasthemostreliableparameter. Let Nk bethenum-
berof transitionsalongsignificantedgesin theimagewith
Lipschitzexponentαk, thenCG is:

CG � ∑k Nk αk

∑k Nk
(5)

C. Experiments

Westudiedatestsetof eightimages,takenfrom theKo-
dakwebsite[8] andweretakenwith digital cameras.From

theseimages,squareregionswereselectedto reducecom-
putationtime. In eachexperiment,an imagefrom this set
wasblurredwith a gaussianPSF with σbl varyingbetween
1 and5. Eachtime, the Lipschitz exponentswerecalcu-
latedamongthe edgesin the blurred image. For control
purposes,they wereplotted in a Lipschitz representation
image,wherean intensity is associatedwith the magni-
tudeof the Lipschitz exponent. We madethe histogram
andcalculatedtheCG thehistogram.

An exampleof suchan experimentfor blurring with a
GaussianPSF with varianceσbl � 3 is shown in figure 9.
In fig. 9(a) the original imageis shown, in fig. 9(b) we
seethe blurred imagewith σbl � 3. In fig. 9(c), a rep-
resentationis madeof which exponentscontribute to the
histogramin figure 9(d). In this representation,the Lips-
chitz exponentis plottedwith blackpointscorresponding
to the sharpesttransitionsin the image;the smootherthe
transition,the lighter color wasused. Whenfig. 9(c) is
comparedto fig. 9(a), onecanverify that the considered
Lipschitzexponentsareindeedlocatedamongthesharpest
edgeswith large amplitudein the image, thoughnot all
edgesarefound in 9(c) andnot all darkpointsin 9(c) are
edges.In our method,this is not a problem,sincethey are
only usedfor gatheringstatistics.

We calculatedthe Lipschitz exponentthat corresponds
to CG of thehistogram,anddeterminedtheaverageCGσbl

over the whole set of test imagesblurred with the same
σbl. To thesedata

�
σbl � CGσbl � , an exponentialcurve was

fitted (figure3) experimentally, wherethestandarddevia-
tion over theexperimentsis shown asa verticalerrorbar.
Thefitting was

σbl � a exp
�
b CGσbl � (6)

andfor theparametersthefitting produceda � 0 � 6645
andb � 2 � 6142.

If we comparethe estimatedσbl to the input σbl with
which the imageswereoriginally blurred,we obtain the
graphin figure4. In thisgraph,wecanseethattheestima-
tionsfor σbl areaccurateto about10%.

Whenwe plot for all the imagesin all blurring experi-
mentstheestimatedsigmaversusthe input sigma,we see
thatall thecurvesaremoreor lessparallel. This suggests
that in someimages,therewasalreadysomeinitial blur
(seetop set of curves in figure 6). When this offset is
subtractedfrom all curves,the standarddeviation is a lot
smaller(lower setof curvesin figure6). Sowhatwe esti-
mateis thetotal effect of theblur thatwasalreadypresent
in the original digital image,andthe syntheticblur from
theexperiment.
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(a)Histogramof lipschitzexponentsalong
edgesof ablurredimage

(b) Histogramof lipschitzexponentsalong
edgesof imagein (a),with noiseadded

(c) Histogramof lipschitzexponentsalongedges
of imagein (b) with extrasmoothingappliedas

preprocessing

Fig. 7. Blur estimationusedin restorationof a realimage.

D. Robustness to noise

The techniquedescribedabove is noise sensitive, as
could have been expectedfor any techniquebasedon
finding local maxima. In applicationslike confocalmi-
croscopy or digital cameras,our initial experimentsshow
that applyinga medianfilter is a sufficient preprocessing
stepfor reliableblur estimationbecausethe noiseis im-
pulselike. In generalcaseshowever, whenno precautions
aretaken,noisewill disturbtheblur estimation.Thereare
two reasonsfor this. The first reasonis becauseedges
aren’t detectedaccuratelyin the presenceof noise. The
secondreasonis that the lipschitz exponentson detected
edgesaredisturbed.

In [9], theproblemof edgedetectionin thepresenceof
noisewashandledbygaussiansmoothing.In [1], thistech-
niqueis incorporatedin a probabilisticframework, andan
expressionis givenhow muchanedgemustbesmoothed
to obtain reliable detection. This degree of smoothing
dependson the contrastof the edge, the original edge
smoothnessand the noiselevel. The minimal degreeof
extra smoothingrequiredis called the minimum reliable
scalefor that positionin the image. To actuallycompute
thisvalue,oneneedstheedgecharacteristicsandthenoise
level, which areoften unknown. In practice,the parame-
tersaredeterminediteratively until a reliability criterium
is satisfied.This is quitea time-consumingprocedure.

We’ve performedsomeexperimentswith thetechnique
describedin [9] on our setof test images.We wantedto
know how muchsmoothingwasrequiredin orderto obtain
a reliableblur estimationin the presenceof noise. This
additionalsmoothingwasappliedasa preprocessingstep
in our own blur estimationtechniqueasdescribedbefore.
Theadditionalblur valuewaslatersubtractedfrom theblur
estimatedin the smoothedimageσ̂ to obtainthe original
blur in theimage:

σbl �¶µ σ̂2 � σ2
postblur (7)

The effect of the additionalblur is illustratedin figure
7. In figure7 (a), thehistogramof thelipschitzexponents
along the edgesa blurred imageis shown. In (b), addi-
tive noisewasaddedto the blurredimage. This additive
noisepollutesthehistogramof thelipschitzexponents.In
(c), we show theeffect of applyinggaussiansmoothingto
the image. Here, the shapeof the original histogramof
the lipschitz exponentsreturns,but it is shifted to larger
valesbecauseof the additionalsmoothingthat we’ve ap-
plied (which is subtractedto obtainthefinal estimation).

We canconcludefrom our experimentsthat in thema-
jority of thecases(differentblur andnoiselevels),thede-
greeof smoothingrequiredis σpostblur � 3 pixelswith an
errormargin of 1. Thisworkswhentheblur is lessthanσbl

= 6 andthe noiselessthanσnoise = 15. Thesearevalues
encounteredin realisticimages.

E. Realistic applications of our method

Whenweappliedthismethodto estimatetheblur in im-
agesfor which no blur informationwasavailable, it was
possibleto use this estimationin a classicalrestoration
scheme.In figure8, aconfocalmicroscopeimageof acell
nucleusof Arabidopsis Thaliana is shown. Theleft image
shows the raw microscopeimage,the right imageshows
theimage,restoredwith thewell known Richardson-Lucy
restorationalgorithm [10], using the raw imageand our
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(a) Originalmicroscope (b) Imagerestoredusing
image. ourestimation.

(c) Imagemanuallyrestored

Fig. 8. Blur estimationusedin restorationof a realimage.

estimateof the PSF asinputs. As a comparison,we also
determinedσbl manuallyby restoringthe imagewith dif-
ferentvaluesof σbl andselectedthe imagewith the best
visualquality. Thevalueof σbl thatcorrespondswith this
image,wasthesameastheoneestimatedwith ourmethod.

I I I . CONCLUSIONS AND FUTURE WORK

In theexperiments,we seethatthe CG of thehistogram
of Lipschitzexponentscalculatedamongtheedgesin the
imageis a reliableparameterto estimateσbl of gaussian
blur. However, thestandarddeviation on theestimatein-
creasesasσbl increases.Applying additionalblur reduces
theeffect of noisein our blur estimationwithin anaccept-
ablerangeof blur andnoisevalues.

The testswereperformedonly for verticaledgesin the
image.Applying thealgorithmto horizontaledgesis sim-
ilar, andwill allow usto studyGaussianPSF’s thatarenot
circularsymmetrical(with σbl � x ·� σbl � y).
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(a) Original image. (b) Imageblurredwith σbl � 3.

(c) Lipschitzrepresentationof theblurredimage. (d) Lipschitzhistogramof theblurredimage.

Fig. 9. Exampleof ablur estimationexperimenton a testimage.


