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Abstract

In this paper, a waveletbasedmethodis proposedto es-
timatetheblur in an image usinginformationcontainedin
the image itself. We look at the sharpnessof the sharpest
edges in the blurred image, which contain information
abouttheblurring. Specifically, a smoothnessmeasure, the
Lipschitzexponent,is computedfor thesesharpestedges.A
relation betweenthe varianceof a gaussianpoint spread
function and the magnitude of the Lipschitz exponentis
shown,which is only dependenton the blur in the image
and not on the image contents.This allows us to estimate
thevarianceof theblur directlyfromtheimage itself.

1 Introduction

Blurring of edgesin an imageoccursin many different
fields. Imageblur is modelledas:

g
�
x� y ��� � h � f � � x� y � (1)

with g
�
x� y � the blurred image, f

�
x� y � the unknown sharp

imageandh
�
x� y � thepointspreadfunction(PSF). Thesym-

bol � representsthe convolution operator, andmodelsthe
imageblur. It is in fact theresponseof theimagingsystem
to anidealpoint source.

This blur is often unwantedandhasto be compensated
for (this is imagerestoration,andis appliedin astronomy,
medicalimaging,microscopy, ����� ). In thatcase,theestima-
tion of theblur is neededto restorethe ideal image f

�
x� y �

from degradeddatag
�
x� y � .

Sometimeshowever, this blur containsextra informa-
tion. For example, it can provide information about the
settingsof thecamera.Whendealingwith autofocuscam-
eras,oneexpectsto find a sharpimage,becauseall natu-
ral imagescontainsharpedgessincean object in front of
a backgroundproducesharpedges.Whenan imageis out

of focus, the sharpnessof the sharpestedgesthat arestill
presentin the imagegivesus informationabouthow much
anout-of-focuscameraneedsto beadjusted.

Blurrededgescanalsoprovideinformationaboutthe3D
natureof the sceneitself. In thoseapplications,depthis
estimatedfrom focus/defocus[1,2]. Again,weassumethat
all objectsin front of a backgroundhave sharpedges.But
only objectsin thefocalplaneareimagedwith sharpedges.
For objectsnot in thefocal planethesesharpedgeswill be
blurredproportionallyto theirdistancefrom thefocalplane,
thusproviding somedepthinformationabouttheimage.

In this paper, a methodis proposedto estimatethe PSF

in an imageby looking how sharpthe sharpestedgesin a
blurredimagestill are,in orderto find informationaboutthe
PSF. It estimatesin particularthevarianceσbl of agaussian
PSF from informationcontainedin theimageitself:

PSF
�
x� y �	� 1


2πσbl
e�
� x2� y2��� � 2σ2

bl
� � (2)

Our methodcanestimatethe imageblur σbl with anaccu-
racy of about10%.Othertechniquesfor blur estimationus-
ing GaussianPSF’s[3,4] usederivativesof theGaussianPSF

to determinethevarianceof theGaussianblur. We present
analternative method,which doesn’t usederivatives,but a
measureof the smoothnessof the imageat a certainpo-
sition. This methodcanalsobeextendedto gaussianPSF’s
thatarenotaxially symmetricalandevento PSF’sthataren’t
evengaussian.For out-of-focusblur, auniformcircularPSF

isused[5,6]. Ourmethodrequiresonlyminormodifications
to adaptto this kind of PSF, aswill beshown in thepaper.

2 Our method

2.1 Principle

Our methodfor blur estimationis basedon estimating
the sharpnessof the sharpestedgesin the image. To anal-
yseedgesin theimage,wecalculatetheLipschitzexponent
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Figure 1. Cone of influence for a point u.

in all pointswherea changein intensity is found eitherin
thehorizontalor verticaldirection.TheLipschitzexponent
(sometimesreferredto asHölderexponent)is a measureof
how smooththeimageis in a certainpoint. In fact, it is an
extensionof how many timestheimageis differentiablein
a certainpoint. For example,a signalthat is differentiable
once,hasLipschitz exponent1, a stepfunction hasLips-
chitz 0 anda dirac impulseLipschitz ; 1. In the wavelet
domain, it is possibleto calculatethe Lipschitz exponent
in a certainpoint in the imagefrom the evolution of the
modulusmaximaof thewaveletcoefficientscorresponding
to that point throughsuccessive scales.Mallat hasshown
in [7–9] how Lipschitz regularity van be calculatedfor a
one-dimensionalsignal.

Considerthe coneof influencefor a point v. The cone
of influencein v (fig. 1) arethepoints

�
u� s� in scale-place

spacethatarewithin thesupportof thewaveletψv< s atposi-
tion v andscales. Now, if thesignalis uniformly Lipschitz
α in theneighbourhoodof acertainpointv, thenaconstant
A existssuchthatall waveletcoefficientswithin theconeof
influencearoundv in thescale-placespacesatisfythecon-
dition

max
��=
W f

�
u� s� = �	� A sα� 1� 2 � (3)

which is equivalentto

max
�
log2

=
W f

�
u� s� = �	� log2A > log2

�
α > 1? 2 �@� (4)

Here,
=
W f

�
u� s� = representsthe modulus of the wavelet

transform of f
�
x � at resolution scale s. The Lipschitz

regularity in at v is given by the maximum slope of
log2

=
W f

�
v� s� x � = as a function of log2s along the lines of

modulusmaximathat converge towardsv within the cone
of influence.

2.2 Practical considerations

The wavelet decompositionof the imageis calculated,
andby following the modulusmaximaof the wavelet co-

Figure 2. Lena image and detail (mirr or) whic h
sho ws small intensity variations that disturb
the blur estimation.

efficients correspondingto a certain point in the image
throughdifferentresolutionscales,the Lipschitz exponent
in that point is calculatedby fitting an exponentialcurve
to the modulusmaximaversusthe scale,asdescribedear-
lier [7–9]. A problemin this approachis that even minor
intensity variationsin smoothregions result in Lipschitz
exponentsthat correspondwith sharpedges.An example
is shown in figure 2. In the mirror region at the right of
the famous’Lena’ image,we canseewhat causesthis ef-
fect. Whenmagnifiedandwith enhancedcontrast,we see
theintensityvariations,evenin apparentlysmoothregions.
Theproblemis to distinguishsharptransitionswhith asmall
amplitudefrom smoothtransitions.This disturbsour esti-
mationof the blurring of the image. However, transitions
with small amplitudearenot likely to belongto dominant
imagefeatures.Becausewe work in the wavelet domain,
we restrict our analysisto featuresthat producea gradi-
ent above a certain threshold. This gradientis extracted
from thewaveletdetailcoefficientsin thehighestresolution
scale.Thethresholdwasdeterminedempiricallysothatma-
jor imagefeatureswerevisible. Empirically, this thresholds
correspondswith 30? σbl .

FromtheLipschitzexponentsthusfoundalongthesig-
nificant edgesin the image,a histogramis made. For this
histogram,we divided the rangeof Lipschitzexponentsin
intervalswith awidth of 0.1.Becausewerestrictedthelips-
chitzexponentsto thosecorrespondingwith transitionswith
largeamplitude,we alreadyfilteredout thesharpesttransi-
tionswith a largeamplitudein the image. Whenwe make
a histogramof theseLipschitzexponents,we expecta sin-
glepeakcorrespondingwith thesmoothnessof thesharpest
edges.Whenwe havesynthetictestimageswith largecon-
stantregionsandstepedges,weonly haveonekind of tran-
sitions, namely thosestepedges. When theseedgesare
blurred,we obtaina histogramwith onepeak,correspond-
ing with the sharpnessof the blurrededges.This is illus-
tratedin fig. 5. In reality, we have a certaindistribution
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Figure 3. The graph that sho ws the fitted re-
lation between the estimated σ and CG of the
histogram of Lipsc hitz exponents.
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Figure 4. Verification: the estimated σbl in
function of the input σbl are on a perf ect line .

aroundthis peak,from which we want to estimatetheblur.
Both thepositionof themaximumin thehistogramandthe
centerof gravity (CG) of thehistogramarerelatedto theblur
in theimage,but from experiments,theCG wasthemostre-
liable parameter. Let Nk bethenumberof transitionsalong
significantedgesin the imagewith Lipschitzexponentαk,
thenCG is:

CG � ∑k Nk αk

∑k Nk
(5)

2.3 Experiments

Westudieda testsetof eightimages,takenfrom theKo-
dakwebsite[10] andweretakenwith digital cameras.From
theseimages,squareregionswereselectedto reducecom-
putationtime. In eachexperiment,an imagefrom this set
wasblurredwith agaussianPSF with σbl varyingbetween1

(a) syntheticimage (b) Lipschitzhistogram.

Figure 5. Blur estimation on synthetic image.
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Figure 6. Illustration of the offset effect when
comparing the diff erent images. The top set
of cur ves is without subtracting the offset;
the bottom set is after subtraction.

and5. Eachtime, theLipschitzexponentswerecalculated
amongtheedgesin theblurredimage.For controlpurposes,
they wereplottedin aLipschitzrepresentationimage,where
an intensity is associatedwith the magnitudeof the Lips-
chitz exponent.We madethehistogramandcalculatedthe
CG thehistogram.

An exampleof suchan experimentfor blurring with a
GaussianPSF with varianceσbl � 3 is shown in figure9. In
fig. 9(a)theoriginal imageis shown, in fig. 9(b)weseethe
blurredimagewith σbl � 3. In fig. 9(c), a representation
is madeof which exponentscontribute to the histogramin
figure9(d). In this representation,theLipschitzexponentis
plottedwith blackpointscorrespondingto thesharpesttran-
sitionsin theimage;thesmootherthetransition,thelighter
color wasused. Whenfig. 9(c) is comparedto fig. 9(a),
onecanverify that the consideredLipschitzexponentsare
indeedlocatedamongthesharpestedgeswith largeampli-
tude in the image,thoughnot all edgesare found in 9(c)
andnot all dark points in 9(c) areedges. In our method,



(a) Originalmicroscope (b) Imagerestoredusing
image. ourestimation.

(c) Imagemanuallyrestored

Figure 7. Blur estimation used in restoration
of a real image.

this is not a problem,sincethey areonly usedfor gathering
statistics.

We calculatedthe Lipschitz exponentthat corresponds
to CG of the histogram,anddeterminedthe averageCGσbl

over thewholesetof testimagesblurredwith thesameσbl .
To thesedata

�
σbl � CGσbl � , an exponentialcurve wasfitted

(figure3) experimentally, wherethestandarddeviationover
theexperimentsis shown asa verticalerrorbar. Thefitting
was

σbl � a exp
�
b CGσbl � (6)

andfor the parametersthe fitting produceda � 0� 6645
andb � 2� 6142.

If wecomparetheestimatedσ to theinput σ with which
the imageswereoriginally blurred,we obtainthegraphin
figure4. In this graph,we canseethat the estimationsfor
σbl areaccurateto about10%.

Whenwe plot for all the imagesin all blurring experi-
mentsthe estimatedsigmaversusthe input sigma,we see
that all the curvesaremoreor lessparallel. This suggests
thatin someimages,therewasalreadysomeinitial blur (see
top setof curvesin figure6). Whenthis offsetis subtracted
fromall curves,thestandarddeviationisalot smaller(lower
setof curvesin figure6). Sowhatwe estimateis the total
effect of the blur that was alreadypresentin the original
digital image,andthesyntheticblur from theexperiment.

When we applied this methodto estimatethe blur in
blurredimagesfor whichnoblur informationwasavailable,
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Figure 8. Focus estimation vs real size of the
focal spot.

it waspossibleto usethis estimationin a classicalrestora-
tion scheme,andgoodrestorationresultswereobtained.In
figure7, a confocalmicroscopeimageof a cell nucleusof
ArabidopsisThaliana is shown. The left imageshows the
raw microscopeimage,the right imageshows the image,
restoredwith the well known Richardson-Lucy restoration
algorithm[11], usingtheraw imageandourestimateof the
PSF as inputs. As referenceimage,we manuallyrestored
theimagewith asyntheticallygeneratedGaussianPSF, with
σbl varyingbetween1 and15. Theimagethatwasrestored
best,was the onewith the sameσbl as the oneestimated
with ourmethod.

We alsotried to estimatethe PSF in caseof out-of-focus
blur. This kind of blur is encounteredin autofocusapplica-
tions,andis modelledby a uniformcircularPSF [5,6].

PSF
�
x� y �	� K if x2 > y2 í d ? 2

0 elsewhere
(7)

with d the diameterof the focal spot,andK a factor, cho-
sensuchthat the norm of the PSF is 1.0. In mostautofo-
cusapplicationsonedoesn’t estimatethe PSF of the blur-
ring, but oneonly triesto determineif animageis in focus
or not. Nevertheless,it is possibleto retrieve more infor-
mationabouttheblurring, andto useit to adjustthe focus
moreaccurately. We repeatedthe sameexperimentasbe-
fore, but this time with syntheticout-of-focusblur. In this
case,relation6 is not valid anymore.For out-of-focusblur,
apolynomialprovidedagoodfit to thedata:

r f ocal � 19� 7 CG3 ; 19� 1 CG2 > 17� 3 CG ; 2� 3� (8)

Using this relation, we can estimater f ocal. In figure 8 a
comparisonis given betweenthe input blur and the esti-
matedblur. Theerrorbarsshow thestandarddeviationover
thetestsetof imagesusedbefore.



3 Conclusions and future work

In theexperiments,we seethat the CG of thehistogram
of Lipschitz exponentscalculatedamongthe edgesin the
imageis a reliableparameterto estimateσ of gaussianblur.
However, the standarddeviation on the estimateincreases
asσ increases.

The testswereperformedonly for vertical edgesin the
image. Applying thealgorithmto horizontaledgesis sim-
ilar, andwill allow us to studyGaussianPSF’s thatarenot
circularsymmetrical(with σx î� σy).
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(a)Original image. (b) Imageblurredwith σ � 3.

(c) Lipschitzrepresentationof theblurredimage. (d) Lipschitzhistogramof theblurredimage.

Figure 9. Example of a blur estimation experiment on a test image.


